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A new tetrad is introduced within the framework of geometrodynamics for non-null electro- 
magnetic fields. This tetrad diagonalizes the electromagnetic stress-energy tensor and allows for 
- - - , maximum simplification of the expression of the electromagnetic field. The Einstein-Maxwell equa- 

. tions will also be simplified. 

o ■ 

<N : 

I. INTRODUCTION 

' The theory of geometrodynamics [1] tried to account for the classical problem of the charged particle. It is a point 
of view where there is nothing except curved spacetime. Electromagnetism is only a manifestation of the curvature. 
^ ' The electric charge was described as the flux of lines of force that emerges from the mouth of a small wormhole 

1^ ; . . 

in a multiply-connected space. An observer with poor resolving power would see the emerging flux as coming from 

o ^ 

^sj ■ an elementary electric charge [1]. Therefore, it was concluded that if elementary charge can be associated with a 
^ '. . 

' geometrical property of the multiply-connected spacetime, there should not be a source term in Maxwell's equations. 

o ' 

' Geometrodynamics is not in agreement with the idea that particles and fields live in a geometrical background as 

^ ' imported entities. However, it presented difficulties, since it was not possible to find a variational principle for this 

(2J[) theory. If F^i, is the electromagnetic field and /^i^ — (G^/^/c^) i^^^ is the geometrized electromagnetic field, then the 

^ Einstein-Maxwell equations can be written, 
X ■ 

S ■ = (1) 

_ _ I 

*F% = (2) 
= /pA + *./^A * , (3) 

where *ff_ii, = \ e^ycyr f^^ is the dual tensor of /^^ (section IX). The symbol stands for covariant derivative with 
respect to the metric tensor g^j^^. The quadratic right hand side in equation (3) is solved in terms of the left hand 
side. Then the "square root of the left hand side" written in terms of the metric tensor is replaced in equations (1-2) 
and two sets of equations have to be satisfied by the metric tensor. On the one hand the Bianchi identities. They 
are identically satisfied by the metric tensor, so they were not a problem. On the other hand, a set of integrability 
conditions that couldn't be derived from a variational principle. In this work, it is not our goal to solve the problem 
of the variational principle in geometrodynamics. It is our purpose to introduce a new tetrad, specifically adapted 
to the geometry of electromagnetic fields in geometrodynamics. This new tetrad could simplify the understanding of 
the geometry associated with non-null electromagnetic fields. A tetrad is a set of four linearly independent vectors 
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that could be defined at every point in a spacetime [2] [3] . The index j is the tetrad index and runs from one to 
four, naming the vectors. It is possible then, to write at every point in a spacetime, the components of a tensor in 
terms of the tetrad vectors, 

= Z^'p,... ^5) V^P^ Vj"^ ... , (4) 

where the quantities Z^^p^ are the tetrad components of the tensor. Our purpose is to find a tetrad in geometro- 
dynamics that diagonalizes the stress-energy tensor and simplifies the expression of the electromagnetic field. We 
need to understand first the concept of duality rotations. A duality rotation of the electromagnetic field is defined as 
[1], 

e*"^!/ = fi^u cosa + *fij,^ sin a , (5) 

where a is a scalar called the complexion. At every point in spacetime there is a duality rotation by an angle —a 
that transforms a non-null electromagnetic field into an extremal field, 

U = e-*"/^. • (6) 
Extremal fields are essentially electric fields and they satisfy, 

U*e'=0- (7) 

The tetrad that diagonalizes the stress-energy tensor will be written in terms of the extremal field ^^y, and two 
other vector fields X" and F". It will be proved that these two extra vector fields are available freedom that we 
have in the construction of a general tetrad for non-null electromagnetic fields. The fact that in geometrodynamics 
Maxwell's equations (1-2) have zero source terms, introduces the existence of two potential vector fields. A" and 
*A", natural candidates for a particular and explicit choice or example of X" and Y". In this particular example, an 
unexpected question will arise at this point. If our tetrad involves in its construction the potential vectors A" and *A", 
how is the tetrad going to be affected by electromagnetic gauge transformations. The geometry of electromagnetic 
fields defines at every point in spacetime two planes related to the symmetries of the stress-energy tensor [4]. Gauge 
transformations A" — > A" +A'°', with A a scalar function, that leave invariant the electromagnetic field, will generate 
proper and improper Lorentz transformations on one of the planes. Gauge transformations *A" — > *A" + *A'", 
with *A a scalar function, that leave invariant the dual of the electromagnetic field will generate spatial rotations on 
the other plane. The possibility of introducing null tetrads in geometrodynamics will also be explored. Finally, the 
general tetrad will be studied for non-null electromagnetic fields where X" and are considered as generic fields, and 
the Einstein-Maxwell equations in this general tetrad will be discussed. The explicit example introduced and all its 
properties will be useful in understanding the general case. The remainder of this paper will be organized as follows. 
The tetrad that diagonalizes the stress-energy tensor will be introduced in section II. The available freedom that we 
have in building this tetrad will be analyzed in section III. The geometrical implications of gauge transformations 
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will be discussed in IV. An isomorphism between the local gauge group and local Lorentz transformations on blades 
one and two will be included in V. The normalized tetrad will be studied in VI. In this last section a new null tetrad 
will also be introduced. The general case and the Einstein-Maxwell equations written in terms of the general tetrad 
will be discussed in VII. Throughout the paper we use the conventions of [1]. In particular we use a metric with sign 
conventions — I— I— 1-. The only difference in notation with [1] will be that we will call our geometrized electromagnetic 
potential A", where /^^ = A^-^ — A^-^ is the geometrized electromagnetic field f^,^ = (G^/^/c^) F^j,^. 



II. DIAGONALIZATION OF THE STRESS-ENERGY TENSOR 



The stress-energy tensor according to equation (14a) in [1], can be written as, 

T^. = Ux L^ + *Ux*L\ (8) 

where = i e^i^o-r f^^ is the dual tensor of fij,^. The tensor e^var is studied in appendix IX. 
The duality rotation given by equation (59) in [1], 

fnu = ^i^u cos a + sin a , (9) 

allows us to express the stress-energy tensor in terms of the extremal field, 

7;. = ^ c/ + *Cma • (10) 

The extremal field ^^i^ and the scalar complexion a are defined through equations (22-25) in [1]. It is our purpose to 
find a tetrad in which the stress-energy tensor is diagonal. This tetrad would simplify the analysis of the geometrical 
properties of the electromagnetic field. There are four tetrad vectors that at every point in spacetime diagonalize the 
stress-energy tensor in geometrodynamics, 

^^(1) = x" (11) 



V(^^ = ^/^Qj2C^Xx (12) 
V^% = V^Q/2*C^Yx (13) 
V(ij = HpxY' , (14) 

where Q = = —^/T^^jT^ according to equations (39) in [1]. Q is assumed not to be zero, because we are 

dealing with non-null electromagnetic fields. We are free to choose the vector fields X"- and F", as long as the four 
vector fields (11-14) are not trivial. Two identities in the extremal field are going to be used extensively in this work, 
in particular, to prove that tetrad (11-14) diagonalizes the stress-energy tensor. The first identity is given by equation 
(64) in [1], 

* = . (15) 



In order to find the second identity we need equation (15) in [1], 
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When we replace (9) in (16) and make use of (15), the second identity is found 



When we make iterative use of (15) and (17) we find. 

V^^^Tj = ^V^^^ (18) 

^(2)T^/ = |^A (19) 
Vit)Tj = -^V^% (20) 
V(l)Tj = -^Vll^. (21) 

In [1] the stress-energy tensor was diagonahzcd through the use of a Minkowskian frame in which the equation 
for this tensor was given in (34) and (38). In this work, we give the cxphcit expression for the tetrad in which the 
stress-energy tensor is diagonal. The freedom we have to choose the vector fields X" and F", represents available 
freedom that we have to choose the tetrad. If we make use of equations (15) and (17), it is straightforward to prove 
that (11-14) is a set of orthogonal vectors. 



III. ELECTROMAGNETIC POTENTIALS IN GEOMETRODYNAMICS 

Our goal is to simplify as much as we can the expression of the electromagnetic field through the use of an 
orthonormal tetrad, so its geometrical properties can be understood in an easier way. As it was mentioned above we 
would like to show this simplification through an explicit example by making a convenient and particular choice of 
the vector fields and Y°'. In geometrodynamics, the Maxwell equations, 

= , (22) 

are telling us that two potential vector fields exist, 

*fl^v = *^i/;|U ~ ■ (23) 

For instance, in the Reissncr-Nordstrom geometry the only non-zero electromagnetic tensor component is ftr = 
Ar-t ~ -^t;r and its dual ^fe^ = *A(f,-g — ^Ag-^^. The vector fields A'^ and represent a possible choice in geometro- 
dynamics for the vectors X°' and F". It is not meant that the two vector fields have independence from each other, 
it is just a convenient choice for a particular example. This choice allows us to write the new tetrad as, 
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VCi) = CpA AP (24) 



V^(^) = V=Q72r^AA (25) 

= v/^g72 * * (26) 
^(4) = * * . (27) 

A further justification for the choice X" = A" and = could be illustrated through the Reissner-Nordstrom 
geometry. In this particular geometry, ftr = ^tr and *fe<i, = *^0<t>, therefore, Ag = and A^ = 0. Then, for the last 
two tetrad vectors (26-27), the choice Y" = becomes meaningful under the light of this particular extreme case, 
when basically there is no magnetic field. However, we have to be careful about the choice we made for X" and Y". 
The normalization of the tetrad vectors (24-27) requires to know the values of the invariant quantities, 

V^a) V(i)„ = (Q/2) e''- U A'' (28) 
V(^^ V(2)„ = (-0/2) A^ (29) 

^(3) ^(3)a = (-0/2) * A^ * ^'^ * * A^ (30) 

V(4)„ = (-0/2) * A^ * ^^'^ * * A" . (31) 

Then, it is convenient to calculate the invariants (28-31) in the Minkowski reference frame given by equations 
(38-39) in [1], 

^(T)^(i)a = (^oi)'(AOAo + AiAi) (32) 

V(% V(2)„ = -(^oi)* + A^ A^) (33) 

V(3) V(3)„ = (^oi)^ (*^' * A2 + * ^3) (34) 

^(4)a = (Coi)^ (*^' * ^2 + * As) . (35) 

Several cases arise. Since ^01 7^ because the electromagnetic field is non-null (0 7^ 0), the two vector components 
Aq and Ai cannot be simultaneously zero. If in a region of spacetime or in the whole spacetime AP Aq + A^ A^ > 0, 



it would be necessary to switch the first two tetrad vectors, V^"j = y/—Q/2 Ax and V^") = A''. If 

^0 Aq +A'^Ai = 0, then we have V^"^) T^'^ V(^ifp = and V^^^ T^'^^ V(^2)p = 0. We are not dealing with this kind of 
situation in this work. Another choice of would be necessary at the points where A" Aq + A^ Ai = 0. It is clear 
that if A^ Aq + A^ Ai < 0, the following equations hold, 

-V^% V^l)a = V^2)a > (36) 

V(^) V^S)a = V(l^ y(4)„ > . (37) 

The treatment of the problem of building tetrad vectors in gcomctrodynamics, studying their gauge transformation 
properties and building null tetrads would be analogous for the two cases when A'^ Aq+A^Ai > or A'^Aq + A^Ai < 0. 
The treatment of just one of the these two possible cases, would automatically provide the framework and the ideas 
to solve the other one. That is why we choose to analyze in detail A^ Aq + A^ Ai < 0. 
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IV. GAUGE GEOMETRY 

Once we make the choice X" = A" and Y" = *A°' the question about the geometrical imphcations of electromag- 
netic gauge transformations arises. When we make the transformation, 

Ac,^A^+ A,„ , (38) 

fi^v remains invariant, and the transformation, 

*Aa, *Aa + *A,« , (39) 

leaves *fi_iv invariant, as long as the functions A and *A are scalars. It is valid to ask how the tetrad vectors (24-25) 
are going to transform under (38) and (26-27) under (39). Schouten defined what he called, a two-bladed structure 
in a spacetime [4]. These blades are the planes determined by the pairs {V(i),y(2)) ^^'^ (^(3)' ^(4))- simplicity 
we will study first what we call, gauge transformations associated with blade one, the blade generated by the pair 
(V("n, V/2)). Later we will study similar transformations on blade two, the blade generated by iV,%, V/^-.). 



A. Gauge transformations on blade one 

In order to simplify the notation we are going to write A,c< = A^. First we study the change in (24-25) under (38), 

%) = ^a)+r^UA' (40) 

V^% = V^% + V^Q/2C^Ax, (41) 
The second term on the right hand side of (40) has the orthogonality properties, 

U A" ^(3)a = U A' V^4)a = • (42) 

The second term on the right hand side of (41) has similar orthogonality properties, 

V^Q/^ Aa y(3)a = V^Q/^ Aa V(4)a = . (43) 

Since the four vectors (24-27) arc independent and orthogonal, equations (42-43) imply that the second terms on the 
right hand sides of (40-41) must be a linear combination of the vectors (24-25). We proceed then to write equations 
(40-41) as, 

%) = ^(i) + ^^^a) + ^n2) (44) 

^(2)=^(2)+i^^(l)+i^^(2) • (45) 

Prom equations (40) and (44) we know that. 
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r-'UA'' = Cy(^)+I?V(^) , (46) 
and from equations (41) and (45) we have, 

v/^q72 r ^ ^x = E + F . (47) 
Making use of identities (15-17) it can be proved that, 

UV(l) = ^/^Q/2V^2)a (48) 

= 7^0/2 1/(1),, . (49) 
If we contract equation (46) with and make use of identities (15-17) and equations (48-49) we get. 



^^0/2 U = C V^2)a + D ^(1), . (50) 

This last equation means that, 

^^(2)=^(2)+C^^(2)+^^a) • (51) 

Then, from (45) and (51) we have the following relations between coefficients, 

E = D (52) 
F = C . (53) 

Contracting equation (50) with V^^^ and V^j) can be found that, 

C = (-0/2) A7( V(2)^ ) (54) 
D = (-g/2) A7( ) • (55) 

We would like to calculate the norm of the transformed vectors V"^"^ and V^-^ , 

%) V(i)a = [(1 + Cf - D^] (56) 



y(%) %)a = [(1 + cf - D'] Vf^,. , (57) 



"(1) l'(l)a -[y'-^^) - ^ \ "(1) 
/"(2)%)a = [(l + C)'-^']^(2) ^(2)c 

where the relation ^(i)a = ~^(2) ^(2)a l^^s been used. In order for these transformations to keep the timelike 
or spacelike character of V^"^ and V^j) '^'^ condition [(1 -|- Cf — £>^] > must be satisfied. If this condition is fulfilled, 
then we can normalize the transformed vectors V"^"^ and V^-^ as follows. 



(58) 
(59) 



The condition [(1 + C)^ — D"^] > allows for two possible situations, 1 + C>0orl + C<0. For the particular 
case when 1 + C > 0, the transformations (58-59) are telling us that an electromagnetic gauge transformation on the 
vector field A", that leaves invariant the electromagnetic field /y^^, generates a boost transformation on the normalized 
tetrad vector fields , , , . For the case 1 + C < 0, equations (58-59) can be rewritten, 



(60) 



Equations (60-61) represent the composition of two transformations. An inversion of the normalized tetrad vector 

'(2) 



fields — , —r4^ , and a boost. If the case is that [(1 + C)^ - D^i < q the vectors V,'^. and V/i. are 

going to change their timelike or spacelike character, 

V(?) ViDc = [-(1 + Cf + D^] (-t/(?) t/(i)„) (62) 

{-V^2) Vi2)a) = [-(1 + Cf + D^] . (63) 



These are improper transformations on blade one. The normalized tetrad vectors V^^ and V^^ transform as, 

(64) 



V, 



For D > and 1 + C > these transformations (64-65) represent improper space inversions on blade one. If D > 
and 1 -|- C < 0, equations (64-65) arc improper time reversal transformations on blade one [5]. If the case is that 
f < 0, we can proceed to analyze in analogy to (60-61). Then, the normalized tetrad vectors transform as, 

_ [-(1 + ^)] H")) , ( -n^)) (66) 



_ Hi)) , [-(1 + C)] (-^(^)) (6,) 



For £) < and 1-l-C < these transformations (66-67) represent the composition of inversions, and improper space 
inversions on blade one. If D < and 1 -|- C > 0, equations (66-67) are inversions composed with improper time 
reversal transformations on blade one [5]. For £> = 1 -|- C we can see using equations (44) and (51) that, 

= (1 + c) + (1 + c) (68) 

V'(^) = (l + C)y(^) + (l + C)y(?) . (69) 



Equations (68-69) show that any vector on blade one transforms as, 

A + B ^ A + B = (1 + C) (A + B) [V^,^ + V^^-^ ) . (70) 
This is clearly a non-injective transformation. At the same time we know that there is an inverse transformation, 

Vit) = VCi)-C''^pX^' = Vll) (71) 



~ a 



V(2) = ^(2) - V=Q72 = ^(^) . (72) 

Then, the conclusion must be, that there could not exist a scalar function that satisfies the initial assumption 
D = l + C. Analogous for £) = -(1 + C). 

B. Gauge transformations on blade two 

The change in notation *A_q = is going to be adopted. In this section we are interested in the study of the 
change in (26-27) under (39), 

Vrs) = Vr% + * * A;, (73) 



'(3) - "(3) 
^(4) - ^4) 



^(4) = Vu) + * CpA * A^ . (74) 



The second term on the right hand side of (73) has the orthogonality properties. 



V-Q/^ * * Aa V^(l)a = * * Aa ^(2)a = . (75) 

The second term on the right hand side of (74) has similar orthogonality properties, 

* U * A^ ^(1), = * U * A'' V^2)a = . (76) 

Since the four vectors (24-27) are independent and orthogonal, equations (75-76) imply that the second terms on the 
right liaiid sides of (73-74) must be a linear combination of the vectors (26-27). We proceed then to write equations 
(73-74) as, 







(77) 






(78) 



Prom equations (73) and (77) we know that. 



*Ax = K + L V(^) . (79) 

and from equations (74) and (78) we have, 

* CpA * A" = M V(^) + N 1/(2) • (80) 
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Making use of identities (15-17) it can be proved that, 

*eaaV^(?) = \/^Q72%)<. (81) 

<<.aV(^)=-^^QJ^ViZ)a ■ (82) 

If we contract equation (80) with ^^^^ and make use of identities (15-17) and equations (81-82) we get, 



-^TOn- *U*^^ = M V(4)a - N V(3)a • (83) 

This last equation means that, 

%)=^(3)+^^(?)-^^(4) • (84) 
Then, from (77) and (84) we have the following relations between coefficients, 

K = N (85) 
L = -M . (86) 

Contracting equation (83) with V^-^ and V^-^ it can be found that, 

M = (-Q/2) ^(3), * A7( ^(4)^ V/l^ ) (87) 
N = i-Q/2) ^(4). * A7( ^(3)^ V^l^ ) . (88) 

We would like to calculate the norm of the transformed vectors V^-^ and V^-^ , 

ViS) Vi3)a = [(1 + Nf + M'] F(3)a (89) 
^(4) = [(1 + + M2] V^^) y(4)a , (90) 

where the relation V^-^ ^(3)a = ^(4) ^(4)a been used. Now, we see that the gauge transformations of the 
invariants given by (89-90) cannot change the spacelike character of vectors V^-^ and V^-^ , unless 1 -|- A'' = M = 0. 
Apart from that exception, the factor [(1 + A'')^ + M^] is always positive, so we would have no problems normalizing 
the transformed vectors Vi-^-^ and V^-^ , 

As long as [(1 + N)"^ + M^] > the transformations (91-92) are telling us that an electromagnetic gauge transfor- 
mation on the vector field *A" that leaves invariant the dual electromagnetic field */^^, generates a rotation on the 
normalized tetrad vector fields 
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V. GROUP ISOMORPHISM 



In sections IV A and IV B the gauge transformation properties of the tetrad vectors were analyzed. But we can take 
advantage of the expressions we found for both the transformations on blade one and blade two to prove an important 
result involving the mappings between the local gauge group and the local Lorentz transformations on both blades. 
We are going to name LBl the group of Lorentz transformations on blade one. Analogously we name the group of 
rotations on blade two, LB2. Making use of expressions (58-59), (60-61), (64-65), (66-67) and (91-92), we can prove 
the transformation properties of the local gauge group. We proceed first, to study the transformation properties of 
the elements of the local gauge group on blade one. 



A. Isomorphism on blade one 

We can readily verify that the identity is given by A = or any other constant. Since all the gauge transformations 
only involve gradients of scalar functions, then, the results we are going to find are going to be true, except for 
additional constants, that have no physical or geometrical meaning. If the scalar function A generates a Lorentz 
transformation, then (—A) generates the inverse Lorentz transformation. It is necessary at this point to understand 
several details about inverse transformations. Following the notation of the preceding sections we can introduce on 
blade one, for instance, the inverse of the direct transformation as, 

^(i)=V(?)-r'e.AA'' = y(«) (93) 
K) = ^(2) - Aa = , (94) 

C = (-Q/2) (-A<^)/( y(2)0 ) (95) 
D = (-g/2) ^(2),, (-A-)/( V(i)^ ) . (96) 

We can see that in expressions (95-96) the change in sign of the scalar function A is not the only change. Therefore, 
we can also notice that for transformations (58-59), 

(1 + C) (1 + C) 



(97) 



V(l + Cf - D- ^(i + (7)2_^2 ' 
while for transformations (64-65), 

(1 + C) (l + C) 



D D 

(98) 



(99) 



, ^ = , ^ . (100) 

11 



In order to got a better geometrical insight into the results that follow, we are introducing the angle (j). For proper 
transformations on blade one, 

cosh,^ = , I ^ + '^ I = , (101) 
V(l + C)2-D2 ^ ' 

while for improper transformations, 

cosh(/) = ^ ^ ^ . (102) 

For instance, if the scalar function Ai generates a boost 0i, and the scalar function A2 generates a boost ^2, then it 
is straightforward to see that the subsequent transformation, first by Ai and then by A2 generates a boost (j)i+4>2- In 
general, if the scalar function Ai generates a Lorentz transformation on blade one, and the scalar function A2 generates 
another Lorentz transformation on blade one, then it is straightforward to see that the subsequent transformation, 

first by Ai and then by A2, generates the composition of the two Lorentz transformations. 

Therefore, we proved that the transformations (58-59) ,(60-61), (64-65), (66-67), represent a mapping between the 
local gauge group, and the group LBl. Both groups are Abelian and have the same dimension. If in addition we 
manage to prove that this mapping is injective, and the image is not a subgroup of LBl, then the mapping would be 
an isomorphism. To this end, using equations (54-55) and (87-88) we can write, 

(-Q/2) A" = -C - D V(i) + M + N V(l) , (103) 

such that, 

£> = (1 + C) tanh^ for proper transformations (104) 

D = {1 + C)/ iBJohcj) for improper transformations . (105) 

It is simple to check that equation (104) is valid for 1 + C>0orl + C<0, and equation (105) is also valid 
for D > or Z) < 0. Once we are given a 0, the functions C, M and TV should be found through the use of the 
integrability conditions A^;^ = Kfj-a- We know that if ^ (j)2, then tanh(/)i ^ tanh(/)2 and tanh(/)i ^ l/tanh(/)2. 
Then, accordingly, the corresponding scalar functions Ai and A2, are not going to be the same. Conversely, we can 
ask if it is possible to map two different scalar functions Ai and A2 into the same Lorentz transformation. If this 
is possible, then, we can first generate a Lorentz transformation by Ai and then another one by — A2. The result 
should be the identity, because — A2 generates the inverse Lorentz transformation of Ai. Therefore Ai — A2 must 
be a constant. Summarizing, the injectivity remains proved. The last point to make clear is related to the image of 
this mapping. The question to answer is if the image of this mapping is a subgroup of LBl. Let us suppose that 
there is a certain local gauge transformation A, such that 1 -|- C > 0, with — 1 < C < 0. Then, there is always the 
transformation n A with n a natural number, C„ = nC. l + Cn = l+ nC = l — n \ C \. For n sufficiently large 
1 -|- C„ is going to become negative. If C > 0, there is the transformation — n A with n a natural number, C„ = —n C. 
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1 + C„ = 1 — nC = l — n |C|. Once more for n sufficiently large 1 + C„ is going to become negative. Following 
similar ideas, but now ifl + C>£'>Owe can prove for instance, that if —1 < C < 0, for n sufficiently large, 
Dn > > 1 + C„, and analogous for C > 0. Then, the mapping image, obviously cannot be a subgroup of LBl. 
Therefore the mapping is surjective. 

Theorem 1 The mapping between the local gauge group of transformations is isomorphic, to the group LBl defined 
above. 



B. Isomorphism on blade two 



The proof for the mapping between the local gauge group and the rotations on blade two is analogous to the previous 
one. For rotations all the considerations about inverse transformations and composition of transformations apply in 
a similar fashion as for the ones on blade one. The precisions we have to make on blade two, regard fundamentally 
the injectivity. We can introduce the angle (p as, 

Then, we can use again equation (103), along with, 

M = (1 + iV) tant^ . (107) 

Once we are given a ip, the functions C, D and N should be found through the use of the integrability conditions 
^a;f3 = ^i3;a- For rotations, we know that tan((p) — tan((/3 — tt), but simultaneously we have that sg{M^) = 
— S5(M(y_^)) and 5^(1 + N^) = —sg{l + N(^^_^'^). The last sign equalities arise from the fact that under a change 
(p (p — n, the sine and cosine change their signs. All these results put together mean that given a pair of different 
angles (pi and (p2, the corresponding scalar functions Ai and A2, are not going to be the same. Conversely, we can ask 
if it is possible to transform two different scalar functions Ai and A2 into the same (p. If this is possible, then, we can 
proceed exactly as did for the blade one case, we can first generate a rotation transformation by Ai and then another 
one by — A2. The result should be the identity, because — A2 generates a rotation transformation by —ip. Therefore 
Ai — A2 must be a constant, and the injectivity remains proved. 

Theorem 2 The mapping between the local gauge group of transformations is isomorphic, to the group LB2 defined 
above. 
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VI. TETRADS 



A. Orthonormal tetrad 

It was found in section III, that for an electromagnetic vector potential A", with A° Aq+A^ Ai < in the Minkowski 
reference frame given by equations (38-39) in [1], it was possible to normalize the tetrad vectors fields (24-27). Then, 
at the points in spacetime where the set of four vectors (24-27) is not trivial, we can proceed to normalize, 

= u / ( V^QJ^ v^ve^^^u^ ) (108) 
v = Ax I ( ^fA;r^^^~u^ ) (109) 



Z« = * / ( * * i,, * A- ) (110) 

= *^px*AP /{ y^072 ^*A^ * ^/^^ *^,^*A-) . (Ill) 

The notation we are using to name the four tetrad vectors (108-111) is the same notation used in [2], even though 
the geometrical meaning is different. The four vectors (108-111) have the following algebraic properties, 

-U" Uoc = V°'Voc = Z" Zoc = W°'Wa = l . (112) 

Any other scalar product is zero. It is possible to find expressions for the metric tensor and the stress-energy tensor 
in the new tetrad (108-111). The new expression for the metric tensor is, 

9al3 = -Ua U0 + Vo,Vp + Z„ Zp + Wa,Wp. (113) 

The stress-energy tensor can be written, 

Tap = {Q/2) [-Ua Up + VaVp- Za Zp - Wa Wp] . (114) 

In order to find the expression for the electromagnetic field in terms of the tetrad (108-111), it is necessary to find 
some previous results. Using equations (15) and (17) it is possible to prove that, 

= y=Q72 (115) 



Up = Up (116) 



^" * Up = ^-Ql'^ Wp (117) 
W''*Up = -^f^Zp. (118) 

Equations (112) and (115-118) allow us to find the expressions for the extremal field in terms of the new tetrad, 

C/" Up = 7^0/2 (119) 



^" * Up = V-Q/2 . (120) 
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The extremal field tensor and its dual can then be written, 

= -'2 ^^QJ^U^ocV0] (121) 



*W = 2 V-Q/2^[al^/31 • (122) 

Equations (121-122) are providing the necessary information to express the electromagnetic field in terms of the 
new tetrad, 



/a/3 = -2 V-<3/2 cos a U^^ Vfi^ + 2 sin a Z[„ W^j . (123) 



B. Null tetrad 

We are ready now to introduce a new null tetrad. It will be defined as, 

Ka = ^ {Ua + V„) (124) 
La = ^ {Ua - 14) (125) 

T„ = i= (Z„ + ^Wa) (126) 
T„ = i= (Z„ - iWc,) . (127) 

Where t is the imaginary complex unit, = —1. The notation we are using to name the null tetrad vectors (124- 
127), is the same as in [2]. Again it should be noticed that even though the null tetrad notation is the same as in [2], 
the geometrical meaning is not the same. This new null tetrad (124-127) satisfies the following algebraic relations, 

Ka =K°'Ta = La = L°'Ta=T"Ta = , (128) 

and, 

K"' La = -1 (129) 

T" T„ = 1 . (130) 

It can also be proved in the Minkowskian reference frame given by equations (38-39) in [1] , and through the use of 
the results found in sections IX and X that the identity, 

Caff^^K^L^T^T" = -t, (131) 

is satisfied. Then, the metric tensor can be written in terms of the new null tetrad, 

9al3 =TaTi3 + Tfj - Lp - Kp La . (132) 
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Using (124-127) it is straightforward to prove that (132) is equivalent to (113). In terms of the new null tetrad the 
stress-energy tensor can be expressed, 

Ta0 = (-Q/2) [K^ L0 + K0L„ + T„ Tfs + T„] . (133) 

It is not difficult to prove that (133) and (114) are equivalent. We would like to find the expression for the 
electromagnetic field in terms of the new null tetrad. It is necessary to find first the components of the extremal 
tensor and its dual in terms of the new null tetrad. Making use of (119-120) we find, 

Ufi = -^-Ql2 (134) 
T'' * ^apT^ = -I ^/^QJ2 . (135) 

Now, we have the expressions for the extremal field tensor and its dual in terms of the new null tetrad, 

^a/3 = 2v/^Q72/f[„L^] (136) 
*Ca/3 = 2iV-Q/2T[„T^] . (137) 

Equations (136-137) allow us to find the electromagnetic field expressed in terms of the new null tetrad, 

/a/3 = 2 V-Q/2 cos a L0^+2t ^-Qjl sin a T[„ T^j] . (138) 



C. Bivectors 



It is possible to express any antisymmetric second-rank tensor, as a linear combination of the following bivectors. 



Uafi = Ta Lj3 


— Tfj La 


(139) 


Val3 = Ka Tfj 


-KpTa 


(140) 


Wa0 = Ta T0 


-TpTa- Ka Ljj + KfjLa ■ 


(141) 



These bivectors arc combinations of the null tetrad vectors (124-127), and making use of (131) it can be proved 
that they are also self-dual, 

UaD = \ eal}^u U'"' = -I Uap (142) 
Va0 = -I Vap (143) 
Wa0 = -I Wa0 . (144) 

One more time, the notation for (139-141) is analogous to the one in [2] but the geometrical meaning is different. 
The self-dual bivectors (139-141) have the following associated scalar products, 

WaD = Wa0 U^^ = Vap V''^ = UaP U'^^ = Q , (145) 



Wa(s W^^ = -4 (146) 
U^p V''^ = 2. (147) 

It was our purpose since the beginning of this work, to find the simplest possible expression for the electromagnetic 
field, through the use of nuU tetrads in gcomctrodynamics. Now, we would like to see what is the expression in the 
new bivectors (139-141) for the self-dual electromagnetic bivector, 

*a/3 = /a/3 + « * /a/3 • (148) 

Making use of expressions (136-137) and (141) it is possible to write, 

*a/3 = - V^072 e(-' W^a/3 • (149) 

The standard way of expressing the bivector (148) is through an expansion in the three standard bivectors given by 
equation (18.9) in [2], which in turn are built in terms of the familiar NP tetrads [3]. The new null tetrad (124-127) 
has the advantage that in the particular problem of geometrodynamics the expression of the bivector (148) given by 
(149) is the simplest possible one, since we can write it only in terms of one of the three independent new bivectors, 
expression (141). The two scalar functions associated with the electromagnetic field are included in the complex factor 
— yJ—Q/2 e^^''"^ This example shows the simplifying power of the new tetrad built specifically for the problem of 
geometrodynamics. 



VII. GENERAL TETRAD 



In section (III) a particular example of an explicit choice of the vector fields and was introduced [X^ = 
and Ya = *Aa) within the framework of geometrodynamics. Through this example several properties of these new 
tetrads were discussed. The transformation properties induced by usual gauge transformations A"' ^ A°' + A'" and 
*A" — > -|- *A'" were analyzed in section (IV). Let's assume that it is possible to normalize the general tetrad 
(11-14). For generic fields X^ and Ya, we can proceed to study the transformation properties of the normalized version 
of (11-12), under the transformation Xa. — > Xa. + Va, where Va is any well-behaved vector field in spacetime. The 
necessary steps to study these tetrad transformations are a replica of the ones taken in section (IV A). The conclusions 
are analogous. In a similar way, the normalized version of (13-14) can be transformed under Ya — > Ya + Wa, where Wa 
is any well-behaved vector field. Again, the steps and conclusions involved in the study of these tetrad transformations 
arc a replica of the ones taken in section (IV B). Once we introduced these new tetrad transformations for the general 
case, we can easily prove that Xa — > Xa+Va and Ya — > Ya+Wa leave invariant two tensors, gaf) and fafj. The fact that 
these tetrad transformations leave invariant the metric tensor means that they are symmetries of the geometry. They 
also leave invariant the electromagnetic tensor, which means that they represent symmetries of the electromagnetic 
geometry. But the important issue is that they do not alter the tensors that carry the physical information. The 
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new tetrads (11-14) when normalized can be used to simplify the Einstein-Maxwell equations in the Newman-Penrose 
tetrad formalism. It is worth noticing the substantial simplification that the new tetrads would introduce in the 
Einstein-Maxwell equations. As an example, the vacuum Maxwell equations using the notation given in [7] are given 

by 

Z)0i=2p(/)i (150) 

(5(/>i = -2r^i (151) 

S(t>i = -2^(1)1 (152) 

A(l)i = -2n(j)i . (153) 

It is important to notice that the tetrads will be independent variables. For a non-null solution to the set of Einstein- 



Maxwell equations we can find the scalars a and Q from = — -y/— (5/2 e^"* Expression (136) will provide the 
relation between the extremal field and the new tetrads. The electromagnetic field will be available through expression 
(138) and the metric tensor will be given by (132) once a tetrad is known for a particular solution. The overall effect 
of the new tetrads is to reallocate or reorganize algebraic information in the Einstein-Maxwell equations making it 
easier to find new possible solutions. 



VIII. CONCLUSIONS 



A new tetrad that diagonalizes the electromagnetic stress-energy tensor for non-null electromagnetic fields was 
introduced. However, this tetrad has an inherent freedom in the choice of two vector fields. Geometrodynamics is 
an arena in which an explicit example or choice can be given for these two vector fields, because Maxwell's equations 
are providing two vector potentials. The simplicity of the expression for the electromagnetic field in this new tetrad 
and the associated null tetrad becomes evident. It was also proved that the local gauge group is related to the group 
LBl, and also to the group LB2 through an isomorphism. In the last section the tetrad is also considered without 
making any specific choice for these two vector fields. It is found that there are transformations that leave invariant 
the metric and electromagnetic tensors simultaneously. It was also proved that when written in terms of the new 
tetrad, the Einstein-Maxwell equations are substantially simplified. 



IX. APPENDIX I 



The Levi-Civita pseudotensor can be transformed into a tensor through the use of factors \/^, where g is the 
determinant of the metric tensor. We use the notation CaPixv = [otjiny] for the covariant components of the Levi- 
Civita pseudotensor in the Minkowskian frame given in [1] , 
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1 if aPiiv is an even permutation of 0123 
Saffnv = ^ "1 if a/3iii> is an odd permutation of 0123 
if aPiiu are not all different 
It can be noticed that the signs in e"'^^'^ are going to be opposite to the standard notation [5]. The reason for this 
is that we want to keep the compatibility with [1] where the definition 60123 = [0123] = 1 was adopted. With these 
definitions we see that in a spacetime with a metric ga0, 

^.,,.^e^^_[a^^ ^^^^^ 



'-9 

are the components of a contravariant tensor [5] [6] [7]. The covariant components of (154) are 

^aHixv = ea/3ti^V^ = [aPjiv]./^ , (155) 

where 

9cxa90pgtJ.KgiyX e"'"^^ = -g eaPfiu , (156) 

is satisfied. 

X. APPENDIX II 

The tetrad vectors {U",V°', Z",W") have the following expressions in the Minkowski reference frame given by 
equations (38-39) in [1], 



U° = -A7V-(^° Ao + A^ Ai) (157) 



C/i = -A^/^/-{AO Ao + A^ Ai) (158) 

yo = A'/ (1 ^01 I V-{A°Ao + A^ Ai)) (159) 

= -Coi Ay (1 ^01 I V-{A'> Ao + A^ Ai)) (160) 

-Coi * Ay (1 Coi I V*A^ * A2 + *A^ * A3) (161) 

^01 * Ay (l I V*A^ * A2 + *A3 * A3) (162) 

W'^ = *AW*A2 * A2 + *A3 * A3 (163) 

= *AV V*-42 *A2 + *A3 * A3 , (164) 



where | ^01 | = VA^oi? 



ACKNOWLEDGMENTS 

I am grateful to R. Gambini and J. Pullin for reading this manuscript and for many fruitful discussions. This work 
was partially funded by PEDECIBA. 



19 



[1] C. Misner and J. A. Wheeler, Annals of Physics 2, 525 (1957). 

[2] H. Stephani , General Relativity (Cambridge University Press, Cambridge, 2000). 

[3] E. T. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962) 

[4] J. A. Schouten, Ricci Calculus: An Introduction to Tensor Calculus and Its Geometrical Applications (Springer, Berlin, 
1954). 

[5] S. Weinberg, Gravitation and Cosmology (John Wiley, 1972). 

[6] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields; 4th ed. (Pergamon, London, 1975). 
[7] M. Carmeli, Classical Fields: General Relativity and Gauge Theory (J. Wiley & Sons, New York, 1982). 



20 



